In Noyelles et al. (2008, Astron. Astrophys., 478, 959-970), a resonance involving the wobble of Titan is hinted at. This paper studies this scenario and its consequences.
I find that this resonance may have increased the wobble of Titan by several degrees. For instance, if Titan's polar momentum C is equal to 0.355MR 2 T (M and R T being respectively Titan's mass and radius), the wobble might be forced to 41 degrees. Thanks to an original formula, I find that the dissipation associated with the forced wobble might not be negligible compared to the contribution of the eccentricity. I also suspect that, due to the forced wobble, Titan's period of rotation may be somewhat underestimated by observers. Keywords Rotation · Natural satellites · Resonance
Introduction
As most of the major natural satellites of the Solar System planets, Titan is locked in a spin-orbit synchronous resonance, i.e. its rotation period is very near to its orbital period around its parent planet Saturn (see for instance Richardson et al. 2004 [25] ). This corresponds to an equilibrium state known as a Cassini state.
Thanks to the Cassini fly-bys, Titan's gravity field is known well enough to study the behaviour of Titan's spin around the Cassini state. In particular, we now know Titan's oblateness coefficients J 2 and C 22 (Tortora et al. [29] ).
In a recent paper, Noyelles et al. ([21] , hereafter cited as Paper I) give a first theory of Titan's rotation, with 3 degrees of freedom. In that work, an analytical approach and a numerical one, more complete, are compared. Moreover, some aspects of Titan's rotation are elucidated, especially a likely resonance involving the free libration of Titan's wobble.
In this paper, I first propose an improvement of the analytical model resulting in better agreement with the numerical results. Then I study the dynamics of the likely resonance, and discuss its implications.
2 Convergence of the analytical study to the numerical study I firstly recall how to obtain the Hamiltonian of the problem, as explained for instance in Paper I. 3 references frames are considered: the first one (e 1 , e 2 , e 3 ) is centered on Titan's mass barycenter and is in translation with the reference frame in which the orbital motion of Titan is described. This is a Cartesian coordinate system refering to the equatorial plane of Saturn and to the node of this plane with the ecliptic at J2000. The second frame (n 1 , n 2 , n 3 ) is linked to Titan's angular momentum G = Gn 3 , and the third one (f 1 , f 2 , f 3 ) is rigidly linked to Titan.
The first variables that are being used are Andoyer's variables (see Andoyer 1926 [6] and Deprit 1967 [10] ), which are based on two linked sets of Euler's angles. The first set (h, K, g) locates the position of the angular momentum in the first frame (e 1 , e 2 , e 3 ), while the second one (g, J, l) locates the body frame (f 1 , f 2 , f 3 ) in the second frame (n 1 , n 2 , n 3 ) (see Fig. 1 ).
Fig. 1
The Andoyer variables (reproduced from Henrard [14] ).
The canonical set of Andoyer's variables consists of the three angular variables l, g, h and their conjugated momenta defined by the norm G of the angular momentum and two of its projections:
Unfortunately, these variables present two singularities: when J = 0 (i.e. the angular momentum is colinear to f 3 , there is no wobble), l and g are undefined, and when K = 0 (i.e. when Titan's principal axis of inertia is perpendicular to its orbital plane), h and g are undefined. That is why we use the modified Andoyer's variables:
with
Paper I details how to obtain the Hamiltonian of the problem in the modified Andoyer's variables. It takes account of the free rotation of the body, and of the external torque due to Saturn (see Eq.2).
The coefficients of the Hamiltonian are defined as follows:
where J 2 is Saturn's J 2 , d the distance Titan-Saturn, d 0 the mean value of d, n * the mean motion associated with d 0 .
x and y are the first two coordinates of Saturn in the reference frame (f 1 , f 2 , f 3 )
bound to Titan. If we call x i , y i and z i the coordinates of Saturn's centre of mass in the reference frame (e 1 , e 2 , e 3 ) defined above, we have
and
At the exact Cassini state, σ = p − λ + π = 0, ρ = r + = 0, ξ q = 0 and η q = 0, λ and being respectively Titan's mean longitude and ascending node in the frame (e 1 , e 2 , e 3 ). In Paper I, Henrard & Schwanen's model (i.e., Titan moving on a circular orbit with a constant inclination and a constant precession of the nodes) has been used to obtain the "obliquity" at the equilibrium K * and the three I suspect that this difference is mostly due to a too simple analytical model, that is the reason why I propose a more complete one.
An improved model
The problem is the accuracy of the model of Henrard & Schwanen (2004 [13] Tab. 2 and 3 come from TASS1.6 ephemeris and give the main terms of the solutions for z 6 = e exp( √ −1ϖ) (eccentricity and pericentre of Titan) and ζ 6 = Γ exp( √ −1 ) (inclination and ascending node of Titan) with Γ = sin I 2 . We can see that the second term in z 6 has a very small amplitude compared to the first one.
On the contrary, the second term in ζ 6 cannot be neglected compared to the first term, because its amplitude is half the amplitude of the first term. The amplitude of the third term is much smaller.
For this reason I choose to write z 6 and ζ 6 as follows:
with e With this model, the way to proceed is the same as in the other studies (Henrard 2005 [14] and [15] ). The equations have been developed with Maple software to the third degree in inclination and second in eccentricity. The Cassini state corresponds to the equilibrium of the Hamiltonian :
with σ = 0, ρ = 0, ξ q = 0 and η q = 0, the coefficients a i , b i being now:
(9)
(12)
b 5 does not appear because of the truncation to the third degree in inclination, so I propose to use the expression given in Paper I, i.e. :
Then, the three fundamental periods of libration around the exact equilibrium should be processed the same way as in [13] , [14] , [15] and Paper I.
Results
I here present the numerical applications of the model, with the initial parameters given in Tab.4.
Tab. 5 gives a comparison between the circular model (originally given by
Henrard & Schwanen 2004 [13] ), the numerical model from Paper I and the model given in this paper, with or without e 1 , and with or without Γ 1 . We can see that the values of the equilibrium "obliquity" K * and of the first fundamental period T u are significantly improved. In particular, taking Γ 1 into account helps to approximate K * , while taking e 1 into account improves the determination of T u .
Expressing the free solution
In this part I use the model described in this paper to explain the main free terms obtained numerically in Paper I.
The main terms of the free solution come from the Hamiltonian :
its derivation being explained in Paper I. Using the different canonical transformations that have been used between the variables (σ , ρ, ξ q , P, R, η q ) and (u, v, w,U,V,W), we have:
and finally
where U 0 , V 0 and W 0 are the constant real amplitudes associated with the 3 fundamental proper modes, and u 0 , v 0 and w 0 are the phases at the time origin (i.e. J1980, JD 2444240). The constants α, β , U * , V * and W * are used in the changes of variables and are defined in Paper I, and R * and P * are respectively the equilibrium values of R and P.
following equations: from P:
from R:
from η q :
from ξ q :
from σ :
and from ρ: We can see a very good agreement between the different determinations of U 0 , V 0 and W 0 , which tends to confirm the agreement between the analytical and the numerical study. However, Eq.36 gives a slightly different result from Eq.31 and 35, both for V 0 and v 0 . This might be due to a contribution in ρ whose period is very near T v and so cannot be separated from v over only 9000 years. We are limited to this interval of time because it is the limit of validity of the TASS1.6 ephemeris, as stated by Vienne & Duriez (1995 [30] ).
As seen in Paper I, Titan's rotation seems to encounter a quasi-resonant state when T w , i.e. the period of the free libration associated with the wobble J, is near 350
years. This occurs when
35. This part aims at first identifying the resonant argument, then the associated Hamiltonian, and finally to study the associated dynamics.
Identification of the resonant argument
From the quasiperiodic decomposition of η q + √ −1ξ q , a periodic contribution whose period is about 351.7 years is likely to lock the system in a resonance with w. Unfortunately, such a period might result from different integer combinations of proper modes of TASS1.6, more precisely this might be the period of −2Φ 6 , 2φ 6 or φ 6 − Φ 6 . In TASS1.6, the amplitudes associated with φ 6 and Φ 6 are respectively e 1 and Γ 1 . So, we tried several numerical computations with/without e 1 , with/without Γ 1 , to check when the quasi-resonant behaviour occurs (see Fig.2 ). We used
.355, to be closer to the exact resonance.
These numerical integrations have been performed over 600 years, which is sufficient visually to discriminate quasi-resonant behaviour from "normal" be-
haviour. It appears clearly that the quasi-resonant behaviour is reproduced with the model presented in this paper, i.e. with one term in eccentricity and two in inclination. So, the argument inducing the quasi-resonant state should be f = w + Φ 6 − φ 6 . 
The Hamiltonian
I here intend to express the Hamiltonian of the problem, considering the resonant argument (or quasi-resonant) as a slow argument that should not be averaged.
I start from the following Hamiltonian :
where K is the Hamiltonian of the complete system, N the Hamiltonian of the free solution to the first order expressed in (Eq.17), and P is the remaining part of K . So, the Hamiltonian is centered on the exact Cassini state and the canoni-cal variables are (u, v, w,U,V,W). In order for the resonant argument f to appear explicitly, I use the following new set of canonical variables :
Since this change of variables depends explicitly on time, I should add the quantity Φ 6 −φ 6 Θ to the new Hamiltonian T , which then becomes :
Considering that f = θ is the only slow argument, every periodic term (except of course the slow one) averages to a constant value and is dropped from the Hamiltonian, so that T becomes:
The expressions for ψ, µ and ε are given in the Appendix.
This Hamiltonian is the Second Fundamental Model of Resonance of Henrard
and Lemaître (1983 [12] ) and we can now study its dynamical consequences.
Results
According to (Henrard and Lemaître 1983 [12] ), the resonance associated with the Hamiltonian (39) has two stable equilibria if a critical parameter, δ = −1 − sign(ψ µ) Θ . Only one of these roots is positive, it is of course the one that is interesting and it corresponds to a stable equilibrium. The values of the other parameters are given in Tab.4. The mean wobble < J > has been computed using Eq.40. 
obtained in averaging this last relation, i.e.
Since it is a first-order resonance, it is a strong resonance and the capture into it is highly likely if the ratio
actually has the values given in Tab.8, which is still unknown.
Discussion

Consequences for Titan's internal dissipation
Here I estimate the effect of a forced wobble on Titan's internal dissipation. I use for that Wisdom's work (2004 [31] ), in which the reader can find a more detailed explanation, as well as in (Murray and Dermott 1999 [20] ).
Time-dependent tidal distortion of a body leads to internal heating. Let U T be the tide-raising potential. The total dissipated energy is given by integration over the whole volume of the satellite (here assumed to be Titan), i.e.
where ρ is the density, dV the volume element, and v its velocity. Assuming that the body is incompressible (it is a good approximation, see Peale and Cassen 1978 [22] ) and that the density ρ is constant, Eq.41 becomes:
where U T is the tide-raising gravity gradient potential, U ′ T is the same potential including a time delay ∆ due to the tidal response lags of Titan, h s is Titan's displacement Love number, and g the local acceleration of gravity.
The tide-raising gravity potential is
where P 2 is the second Legendre polynomial (P 2 (x) = The cartesian coordinates of a surface element of the satellite in the body-fixed frame (f 1 , f 2 , f 3 ) are given by
λ being the planetocentric longitude, and θ the colatitude. Then s is obtained by 5 successive rotations, the same as Eq.3, i.e.
Since the goal is just to obtain the contribution of the amplitude of J, I used K = 0, h = 0, l = −wt, and g = (n + w)t. In fact, since K is null, g and h are not defined but g + h is. Since the node of Titan does not circulate, it disappears in averaging over the periods of the motion. Here a constant value for J, J 0 , is considered. In fact, J is not constant, so J 0 could be the mean value of J, i.e. < J >.
With these conventions, o = r(cos f , − sin f , 0), f being the true anomaly.
For small eccentricity,
cos f = cos nt + e(cos 2nt − 1)
sin f = sin nt + e sin 2nt (49) and finally dS is given by
For J 0 = 0 and a nonzero eccentricity one obtains (see Wisdom 2004 [31] ):
With e = 0 and J 0 nonzero, I obtain:
Assuming k s = 3h s /5 and replacing ∆ by −1/Q s as in Wisdom [31] , I get
and finally:
where f > 1 is an enhancement factor that takes a partially molten interior into account, and I the obliquity of Titan (very small).
It is widely assumed that the tidal dissipation inside a synchronous satellite depends only on the orbital eccentricity, i.e. the other contributions are assumed to be negligible. The ratio κ between the contribution of the eccentricity and the contribution of the wobble is: We note that the expression of the contribution of the wobble in the dissipation depends on the frequency n + w instead of n. This can be physically explained by the fact that the wobble is bound only to the planet (i.e. is not linked, for instance, with Titan's orbital plane), so the wobble added to the spin can appear as a sum of two motions, whose frequency is n + w. Since the spin is associated with a period of 15.94545 days (TASS1.6 value [30] ) and the wobble with a period of about 350 years, the composition of these two motions corresponds to a period of 15.94346 recommendations (Seidelmann et al. 2002 [26] ) that are the same as IAU 2006 (Seidelmann et al. 2007 [27] ). Nevertheless, here I have used the value of Thomas et al. (2006 [28] ) for Rhea's radius, because it is consistent with the parameters of its gravity field derived by Iess et. al (2007 [17] ). The references of the other parameters are indicated in the Table. For Jupiter, I use J 2 = 1.4736 × 10 −2 (Campbell and Synnott 1985 [8] ) and R = 71492km (Seidelmann et al.
2002 [26] ). For Saturn, these parameters are given in Tab.4. 
Conclusion
The general analytical model given in this paper permits a first 3-dimensional description of the rotation of every synchronous body. More particularly, it gives the equilibrium position, the three fundamental frequencies of the free librations, and the main terms of the free solution. It is applied successfully to Titan, Io and Europa, in the sense that the results are consistent with the previous studies.
Moreover, this paper presents a study of a possible resonance involving Titan's wobble. With it, I show that if the capture into resonance occured, then the wobble could currently have a forced amplitude of several degrees, and so induce a significant internal tidal dissipation. Moreover, the forcing of the wobble could falsify the space-based detection of Titan's period of rotation to appear a little faster than it actually is, in particular because Titan's rotation axis would be significantly different from its pole axis of figure. Cassini results on Titan's rotation should give some information about that.
Even if the system is not in resonance, a quasi-resonant state may have a detectable effect on the free libration w. 
A Analytical expression of the resonant Hamiltonian
I here detail the Hamiltonian given by (Eq.39), i.e.
The coefficients ψ, µ and ε are respectively: ψ = ω θ +Φ 6 −φ 6 (56) 
We can see that ε contains e 1 and Γ 1 in its prefactor, which confirms the fact that there is no resonance when one of the two dynamical parameters is null.
